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Abstract 

We propose a simple geometrical approach for finding the robustness of entanglement for Bell 
decomposable states of 2 (g) 2 quantum systems. It is shown that the robustness of entanglement 
is equal to the concurrence. We also present an analytical expression for two separable states 
that wipe out all entanglement of these states. Finally the random robustness of these states is 
also obtained. 
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1 Introduction 

During the past decade an increasing study has been made on the entanglement, although it was 
discovered several decades ago by Einstein and SchrOdinger [|l|, |2| . This is because of the central 
role that entanglement plays in the theory of quantum information ^, |5|. Entanglement as 
the most non classical features of quantum mechanics is usually arised from quantum correlations 
between separated subsystems which can not be created by local actions on each subsystem. By 
definition, a mixed state /? of a bipartite system is said to be separable (non entangled) if it can be 
written as a convex combination of pure product states 

i 

ifjf^ are pure states of subsystems A and B, respectively. Although, in the case 
of pure states of bipartite systems it is easy to check whether a given state is, or is not entangled, 
the question is yet an open problem in the case of mixed states. 

There is also an increasing attention in quantifying entanglement, particularly for mixed states 
of a bipartite system, and a number of measures have been proposed |5|, |6|, |^, |^. Among them the 
entanglement of formation has more importance, since it intends to quantify the resources needed 
to create a given entangled state. 

Also a useful quantities which is introduced in as a measure of entanglement is the robust- 
ness of entanglement. It corresponds to the minimal amount of mixing with separable states which 
washes out all entanglement. Analytical expression for pure states of binary systems have given 
m g. Authors in @ gave a geometrical interpretation of robustness and pointed that two corre- 
sponding separable states needed to wipe out all entanglement are necessarily on the boundary of 
separable set. Unfortunately, above mentioned quantity as most proposed measures of entanglement 



B 



(1-1) 



where 



and 
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involves extremization which are difficult to handle analytically. 

In this paper we consider Bell decomposable (BD) states. We provide a simple geometrical 
approach and we give an analytic expression for robustness of entanglement and show that the 
corresponding separable states are on the boundary of separable states as pointed out in |10|. Our 



approach of determination of robustness of entanglement is geometrically intuitive. It is shown 
that for considered states the robustness is equal to the concurrence of states. Finally we obtain 
random robustness for BD states. 

The paper is organized as follows. In section 2 we review BD states and we present a perspective 
of their geometry. The robustness of entanglement of these states is obtained in section 3 via a 
geometrical approach. Finally the random robustness is obtained in section 4. The paper is ended 
with a brief conclusion. 

2 Bell decomposable states 

In this section we briefly review Bell decomposable (BD) states and some of their properties. A 
BD state is defined by: 

4 4 

/0 = E^'*lV'i>(V'*l, 0<P^<1, J2Pi = '^^ (2-2) 

1=1 i=l 

where \ipi) is Bell state, given by: 



IV'i) = 


,^+) = i=(|TT) + |U)), 


(2-3) 


m = 


r) = ^(ITT)-|U)), 


(2-4) 


m = 


V'+) = ^(in) + iiT)), 


(2-5) 


IV'4) = 


V'-) = ^(in)-iiT)). 


(2-6) 
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In terms of Pauli's matrices, p can be written as, 
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1 

p = -{I + Y,ti(Ti(g)ai), (2-7) 
i=i 



where 



ti= Pi - P2 + P3 - Pa, 

t2 = -Pi +P2+P3-P4, (^"^) 

^3 = P1+P2-P3-P4- 

From the positivity of p we get 

l+ti-t2+t3> 0, 
1 - ti + t2 + ^3 > 0, 

(2-9) 

l+ti+t2-t3> 0, 
l-ti-t2-t3> 0. 

These equations form a tetrahedral with its vertices located at (1,-1,1), (—1,1,1), (1,1,-1), 
(— 1, —1, —1) ll^. In fact these vertices denote the Beh states given in Eqs. (|2-3| ) to (|2-6|) , respec- 
tively. 



According to the Peres and Horodecki's condition for separability [11, 12], a 2-qubit state is 



separable if and only if its partial transpose is positive. This implies that p given in Eq. (2-7) is 
separable if and only if ti satisfy Eq. ( p-Sp and, 

l+ti+t2 + t3> 0, 

1 - tl - t2 + ^3 > 0, 

(2-10) 

l+ti-t2-t3> 0, 

l-ti + t2-t3> 0. 
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Inequalities ( |2-9| ) and ( 2-lOD form an octahedral with its vertices located at = (±1,0,0), 
= (0,ibl,0) and = (0,0, ±1). So, tetrahedral of Eqs. (2-9) is divided into five regions. 



Central regions, defined by octahedral, are separable states. There are also four smaller equivalent 
tetrahedral corresponding to entangled states. Each tetrahedral takes one Bell state as one of its 
vertices. Three other vertices of each tetrahedral form a triangle which is its common face with 
octahedral (See Fig. 1). 

3 Robustness of entanglement 

According to [^] for a given entangled state p and separable state ps, a new density matrix p{s) 
can be constructed as, 

p{s) = ^{p + sps), s>0, (3-11) 

s + 1 

where it can be either entangled or separable. It was pointed that there always exits the minimal s 
corresponding to ps such that p{s) is separable. This minimal s is called the robustness of p relative 
to Ps, denoted by R{p \\ ps). The absolute robustness of p is defined as the quantity, 



R{p II S) = min R{p \\ ps). (3-12) 

Ps&S 



Du et al. in |10| gave a geometrical interpretation of robustness and pointed that if s in Eq. 



( |3-11 ) is minimal among all separable states ps, i.e. s is the absolute robustness of p, then pg and 



p{s) in Eq. ( 3-ll| ) are necessarily on the boundary of the separable states. 



Here in this section we obtain the absolute robustness for all Bell diagonal states, and we give 
an explicit form for the corresponding ps and p{s) which are on the boundary of the separable 
states. 
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Let us consider Fig. 2, we connect t, which denotes density matrix p, to the center of octahedral 
such that it cuts the plane xi + X2 + X3 + 1 = (the boundary of separable octahedral) at t' . Then 
we extend this segment, so that it cuts the other plane xi + X2 + X3 — 1 = at t". 

These three points are along the same line but they posses different lengths. Also it is not 
difficult to see that they also lie on planes xi + X2 + X3 + r] = 0, xi + X2 + X3 + 1 = and 
xi + X2 + X3 — 1, respectively. Using the above argument, we arrive after some elementary algebra 
at the following results, 

^ = ^ (3-13) 

' V ti + t2 + t3 ^ ^ 

t'' = — = . (3-14) 

Now using the convexity of the set of density matrices, we can write p'^ as, 

p' = -^{p + sp"), (3-15) 
1 + s 

where parameter s, called the robustness of p, can be written as 

»=J4£i = i±^i±^ = C, (3-16) 

where C is the concurrence of p . The numerical calculations indicate that thus obtained quantity 
is minimal with respect to all separable planes of the octahedral. 

In the pioneering paper robustness of entanglement of Werner states (as a particular kind 
of BD states), has been obtained from an entirely different approach. We see that thus obtained 
robustness of entanglement of Werner states via our proposed procedure is in agreement with the 
results of Reference ||9[ . 

Finally, we would like to emphasis that our treatment is capable to give an explicit expression 
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for the separable matrices p'^ and p". Since, using Eqs. ( 3-13|) and ( ^-7|) we can write p'^ and p" as 



/ 



4(ti +t2 + ts) 



tl+t2 











\ 



ti+t2 + 2t3 -tl-t2 

-tl-t2 ti+t2 + 2t3 

-ti+t2 ti+t2 



(3-17) 



4(ii + t2 + is) 



ti + 12 + 2*3 ti-t2 

ii + t2 ti + i2 

ti+t2 ti + t2 



tl-t2 







+ t2 + 2t3 



4 Random Robustness 



(3-18) 



Also Vidal And Tarrach have defined another quantity so called random robustness, which is 
defined as robustness of p relative to maximally random state I/n. For Bell decomposable states 
considered here we can evaluate it as follows. Using the convexity of the set of density matrices, 
we can write p'g as. 



1 



where po = j and 



So 



P 



I tt' I 
t'O 



1 + so 



{p + so Po), 



-(l + ti+ta + ^a) = 2C, 



(4-19) 



(4-20) 



is random robustness of p. Note that for the states considered here, the separable matrix p'^ has 
the same form as given in Eq. ( 3-17| ) but with p" = |. 
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5 Conclusion 

We have obtained in this work the robustness of entanglement for Bell decomposable states. It is 
shown that the corresponding separable states which wipe out all entanglement of the states are 
on the boundary of separable states. The random robustness of these states is also obtained. 
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Figure Captions 
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Figure 1: All BD states are defined as points interior to tetrahedral. Vertices Pi, P2, P3 and P4 
denote projectors corresponding to Bell states given in Eqs. (2-3) to (2-6), respectively. Octahedral 
corresponds to separable states. 



Figure 2: Entangled tetrahedral corresponding to singlet state. Point t denotes a generic state p 
and points t' and t" are on the separable boundary planes defined by equations xi -|- X2 + X3 -|- 1 = 
and xi -|- X2 + X3 — 1 = 0, respectively. 
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